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It is shown that a viscous flow of a polyatomic gas in a magnetic field can give rise to a vector
polarization of the molecular rotational angular momenta. This viscomagnetic vector polarization is
calculated from an appropriate set of moment equations pertaining to the linearized Waldmann-
Snider equation. In particular, the transverse effect is discussed and an estimate of its order of

magnitude is given for nitrogen.

Nonequilibrium alignment phenomena in dilute
gases of polyatomic molecules or atomic vapors have
been subject of several papers in the last decade 3.
In particular, in a viscous streaming gas with a

velocity gradient Vv a tensor polarization (JJ)
of the molecular rotational angular momenta k.
((...) denotes an average over the nonequilibrium
distribution function) is produced by collisions if
the molecular interaction is nonspherical. The ten-
sor polarization gives rise to an anisotropic part of
the dielectric tensor if the electric polarizability of
the molecule is anisotropic. This phenomenon of
flow birefringence has been studied extensively,
both theoretically * and experimentally ®. Indirectly
related to this alignment is the Senftleben-Beenakker
effect of the viscosity ' 6: Since the tensor polariza-
tion, which influences the momentum transport,
precesses in an external magnetic field, the viscosity
coefficients become field dependent.

The simplest case of an alignment, however, is
the vector polarization (J). But without an external
field it cannot exist in a viscous flowing gas or a
heat conducting gas. If a temperature gradient is
present, one has the constitutive law

<]u> = a/w Va' T’

where «@,, has to be a pseudo-tensor since parity is
conserved in molecular interaction. This tensor «,,,
can be constructed from an electric field E (which
is a polar vector). Because of parity reasons the
cnly possibility is (with ¢,;, being the totally anti-
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symmetric isotropic third rank tensor)
Ay = a Su}.)' E/'.

which gives rise to a vector polarization (in a gas of
polar molecules) perpendicular to electric field and
temperature gradient:

(Jy=aExVT.

The coefficient a has been related to kinetic theory
collision integrals by Hamer and Knaap 7.

If a velocity gradient is present, the vector polari-
zation and Vv are connected by a third rank true
tensor

(JY=BuiV,v;. (1)
In an isotropic gas, the tensor f,,; must be propor-
tional to an isotropic tensor of third rank. The only
available one is the totally antisymmetric tensor
€47+ Since ¢,;V,v; =0, a vector polarization
cannot be produced directly. [It should be noted,
however, that a vector polarization due to a rotation
of the velocity can exist (Barnett-effect) without a
field:

(J) =aprotv.

The Barrett coefficient ap usually is very small ® so
that the local Barnett polarization (which would
occur in a Couette- or Poiseuille flow) can be dis-
regarded.] If, however, a magnetic field H—=Hh is
present, f,; also contains parts symmetric with
respect to » and 4:

ﬂlll';_:ﬂl(H) (ha 6117.+h/'. 6;“') —:"ﬂQ(H) (2)

X (sxud hz hr + Eny hz hi) = ﬂ& (H) h_u h)' hl .
It is the task of the kinetic theory of polyatomic
gases based on the Waldmann-Snider equation % 1,

to derive Egs. (1,2) and to find expressions for the
coefficients Sy, f,, f3 in terms of properties of
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single molecules (i.e. magnetic moment) and their
mutual nonspherical interaction.

The paper proceeds as follows: From the linear-
ized Waldmann-Snider equation® '%, a set of cou-
pled tensor equations for the appropriate macro-
scopic observables (moments) is derived. By use of
the projection operator technique developed by
Hess and Waldmann'?® we give an expression for

(J) in terms of Vv and magnetic field H. The
proportionality coefficient contains certain Wald-
mann-Snider collision integrals 11> 14
tion with the nonspherical molecular interaction is
briefly discussed. A possible experimental device
for the measurement of the effect is described; the
order of magnitude of expected results is estimated.

, whose connec-

1. Moment Equations

In this section the transport-relaxation equations
needed for the treatment of the flow induced vector
polarization in a magnetic field are derived. The
starting point is the Waldmann-Snider equation 9 1?
for the distribution operator [(¢, X, €. J) of the gas
(e is the molecular velocity and & J is the rotational
angular momentum of a molecule). For simplicity,
restriction is made to linear diamagnetic molecules
with an internal Hamiltonian H., = k>J?/2 60
where 0 is the moment of inertia.

For the nonequilibrium distribution f the usual
ansatz

f(tox’ c7J)=f0(025]2)[1+q)(t1x5 C’J)] (3)
is made. In Eq. (3)

2 j_[
Qr_ol m 2».K 3/2 <_,,,,, — rot )
fO y t( / kB TO) exp ) )

is a global Maxwellian with temperature 7, and
particle number density ng; Q.o =TrH,, is the
rotational partition function, “Tr” stands for a sum
over rotational quantum numbers and the trace over
magnetic quantum numbers. The relative deviation
of the distribution from equilibrium, @, obeys the
linearized Waldmann-Snider equation

-aa? +¢' VO —io[hd, @] +w(P)=0. (5)

Here, or,= 1, g, H/f is the Larmor frequency (u,
being the nuclear magneton, g, the rotational g-fac-
tor, H the magnitude of the magnetic field), h is a

unit vector in the direction of the magnetic field
and o (P) is the linearized Waldmann-Snider col-
lision operator 8712
tering amplitude matrix and its adjoint.

In the moment method® !2, the linearized W-S
equation is transformed into an (infinite) set of

which contains the binary scat-

coupled differential equations for the moments of
the distribution function. For special problems only
a small finite subset of expansion tensors (the aver-
ages of which are the moments) is needed. For our
case these expansion tensors are given in Table 1.

Table 1. Orthonormalized expansion tensors used for the
treatment of flow induced vector polarization.

Vectors Second rank tensor  Third rank tensor
o) _ @0 __ /5 17 [:3 DJp— N 6 V
@A‘ "'VQWH (puv _1'2 Wu Wv ®uy,x—] N
) {I%o

. W’_u W, I;
LI [ N3
Vi, !

Here, W= (m/2 kg T,)'? ¢ is the dimensionless
molecular velocity, the bar — denotes the irreduc-
ible part of a tensor and the upper indices indicate
the tensor ranks in W and J, respectively. Notice,
that @ZY) is not irreducible. The expansion tensors
are mutually orthogonal and normalized according

to
1
(PLO D)= (DRV PEV) o =6, 5 (62)
2 20
( ¢,Ew0) (I)‘S/ v)'> 0= -Aur, ulv' ] (6 b)
< @Eil,-al Qﬁtz’lv)’,l'>0 = 6/'./'.' Aul’,u’vl 9 (6 C)

The symbol (...), denotes an equilibrium average
and Aur,u’vl = %(auul (S)'x" +‘(S,m" (Sawl) - % 6,4“! 6;4’1" is
a fourth rank tensor which projects out the irreduc-
ible part if applied to an arbitrary second rank ten-
sor. Introducing @, = (®{”) (mean velocity),
b, = (DY) (vector polarization), a,, = (PG”
(friction pressure tensor) and a,, ; = (D3), the
correction function @ can be written as

< 2 -
D=a, PiV+b, PV +a,, PEV+ a0, P (7)

Now, the expansion Eq. (7) is inserted into Eq.
(5), the resulting equation is multiplied with @Y,
(pﬁo) and @Lzyl);, respectively, and the equilibrium
average is taken. (The equation for @ is not
needed, it gives only the local conservation of mo-
mentum.) This results in the three coupled moment
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equations, taken for a stationary situation:
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Vi Vu v, + < QE‘%’O) w ( (pgl%ov)/) >0 a,, = < (I).(IE’O) (& ((D,S:-le)',l/) >0 a,, = 0 s (8)

h><b),,+((l>(°1) o ( (QI)) ‘,ob AN

oy (

Due to the rotational invariance of the collision
operator the Wigner-Eckart Theorem can be applied
to the collision brackets yielding

< QDLOU [ ((I)qu)) )0 =Ny VUre] g (8}) 6/41/ s (11)
< Q(QO) w ((D(Z}O)') >() = n() vl‘?] 3 (28) A;u u'), L} (12)

< I)(Ol) ()(qjml)’ 2') >0 — V Ny Urel @( 1)J;u )
(13)
<¢)5121’0) w ((pf’lv)’,l') >0 = ng Ny Vyel S (%9) Dur./‘.'.u’r' )
(14)
and

((bﬁoé (’)((Z’;F’lv)’,l’) )0 A= Mg Vrel © (gi) O Am,u'»” C

(15)
The S(5/%/) are effective cross sections [S(51) > 0]
being only dependent on temperature, v, =
4 (kg To/am)V? is a thermal velocity. While the
first four relations, Eqs. (11) — (14) are exact, Eq.
(15) is only valid approximately (“spherical ap-
proximation”, cf. Refs.?? 1) since the Wigner-
Eckart Theorem can be applied only to totally ir-
reducible tensors. But this approximation works
well if the nonspherical part of the molecular inter-
action is small compared to the spherical part and
seems to be applicable also for the more general
case !. The tensor [],, ;.. occurring in Eq. (14)
is defined by
Dm‘./'.', Wy = i (Eu/‘-'u' 5:':” + &y (Sru' T &) ‘6/“,’

+ &5 6““‘) .

Because of time reversal invariance of the molecular
interaction the Onsager symmetries SR =3
and S(3}) = —€©(3)) hold 8. Equations (8) — (10)
can now be rewritten in the form

2 S
@,y — VS ;(é?&) D/U'.Z',u’v’ a,,' i’ (16)
) —JE ==
= 0 Vl'vl )
no Urel \-'(%8) '
3 S(F) -
bn_i"(fol(hxb)u_i_ “/’5 ";(Ei'aui,l:oa (1()
= 21
2 oz )
Q. =t ¢71 (h X a’) v, A + l/ e (%?; Dur./ﬁ.u'v' a,,’
" (18)
3 <(o1)
T ~/2 'Aux' Ju 111:0'
s et

(DD o (DEY 7))o a1 =0, ©)
O €01 hg Qv + <¢I(’;I)A ()((p(ﬂv) g ) Yo @u'y', 1 + < (71) (()(Q(Ol) )0 b e ( (‘71) (U((I)( 0)) 0 Gy’ = 0

(10)

uv, A 128 %

Here, the effective precession angles
Po1 = UJL/”O Urel 5(8{) and @y = C’)L/’lo Vrel D (E})
(16) — (18) now

have to be solved to find b in terms of Vv and the
magnetic field.

have been introduced. The Egs.

2. The Viscomagnetic Vector Polarization

To obtain an expression for the flow induced
vector polarization b in a magnetic field, the tensors
a, and a,, ; have to be eliminited in Equations
(16) — (18). Since we are interested only in the
lowest-order-in-nonsphericity contributions, we can
neglect the second term in Eq. (16) ; thus

a,, ~ — (VZ/[n(} Urel g (:_;8)] Vs Uy (19)

Next, we express b, in terms of a,; ; and then a,, ;
in terms of a,, . For this purpose, the projection
operator method developed by Hess and Wald-
mann '? is used: Projection operators
vectors, are introduced by

, acting on

P,(uov) = hzt hz" P,(lldl:'l) = %(6;“' - Il/l hr ? i 8/1/‘.1' h}.) - (20)
They have the properties
P pim) _ gmm' pimy S pm_§.,. (21)

m=0,x1
An equation of the form
z ay, PEZL) Ar == Bu
m
1s, with the help of Eqgs. (21) immediately solved to

give

Au = Z (am) —1 P‘EZZL) B,, .
Since h x A=i(P&+D —P(-D)-A the solution for
b in Eq. (17) is found as

3 (2) . — +
b,=— 1/5 G (§5 [(1+iqy) "t PGY

+ (L—ig@y) PGV + PP a,1,1-

(N

(22)

(S?

In Eq. (18) we can neglect the term proportional to
b since it would only contribute in higher order in
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nondiagonal collision integrals. Analogously we
find
=2
owi=— |2 i (23)
(1)
[ +i o) TP PED+ (L—igay) T PED + PR

ol 10 R
Thus, finally b, is obtained as
. _ V6 SEHSE)
“T 5 S@heEh
(X +ipe) ™ 1P§},)+ (1 —iqy) ! PEJI)*‘Pﬁg)]
LA 4ia) TP+ (L= iga) T PRD + PR

: Dlv,z,gr Aoy o

(24)

Since for zero magnetic field the brackets give
d,,0;, and since D,u v.or = 0 there is no effect
without a magnetic field, as was expected.

Using the constraint div®d =0 and the relation
h,h,h;h, ;... ,.=0 we obtain, after some la-
bour, an expression for the viscomagnetic vector
polarization

—_

<J>= ]9\1on ‘-’( )

92
p S0 (25)

= S

~ —~

(CRECY

. P21
(1+¢z1) (1 +@o1)

+ (P21 — 3 @p1) R (h-Vv) + P01 (3 Poy
‘h(h-Vv-h)}.

{(3+‘P01(P21)h'€;

— P31)

Here, we have introduced the viscosity % by 5=
p/ngvret ©(50). The effect is inversely proportional
to the pressure p. It approaches zero for high mag-
netic fields due to the destruction of the polariza-
tion by the fast precession. The coefficients f§;, f,,
P introduced phenomenologically [see Eq. (2)]
can immediately be inferred from Equation (25).
Next, some remarks on the relevant effective cross
sections are in order. We use the general form of an
effective cross section, presented in Ref.1! and in-
troduce for convenience the following bracket sym-

bol:
[( )]—2701'012 Z trltraffd}’dl?

VRN
exp{ -2 —e(j;) —e(ja) }
o i P (26)
Here, j,/,js» ¥ =7 € and j,.j,,y=7e are the
rotational quantum numbers and dimensionless rela-
tive velocities before and after the collision, respec-

) j1dedd j SIN 79 .
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tively; ¢(j) is the rotational energy divided by
kp Ty; “tr” denotes the trace over magnetic quan-
tum numbers and ¢ = arccos (€-€’) is the angle of
deflection in the c.m. system. With the use of results
of Ref.!! (optical theorem for the scattering ampli-
tude) the following expressions for the effective
cross sections are found:

S@D =22 Jya [a" Iy +d5] 1], (27)
S@E) =VE(P)y  [r*ee: Jyalat,d +d,] ],

(28)

S = —VER) e 2 [12 92 cos D (29)

“(aatJy) (€' xe)].
In Egs. (27) — (29), a = d/:'i¥ (E, e, €’) is the
binary scattering amplitude matrix. The above cross
sections are essentially connected with the non-
spherical part of the interaction since they vanish
for a purely spherical potential where the pertaining
scattering amplitude a.,;, commutes with J;, J,.
For an illustration of Egs. (27) — (29) we consider
a (somewhat unrealistic) elastic “nonspherical”
scattering amplitude of the simple form a =, (E, )
+a,(E,9) (J,+d,) (€ xe)/sin?. Then we ob-

tain:

e,

9
e L ?” =
6(6})=E]/30f {sml?dl?exp( 72) 95 | a2,
5 2V 2 o o Tq 5.
S(3) = - 31/15 ')01/'0fdy0fsm19d19

-exp (—7%)y7sin 20 Re(ay* a) .
For the two relaxation cross sections S(3)) and
©(31), the “spherical approximation” ! yields
3(% NV( )N’fvrelp( (30)
where 2 is a well-known Chapman-Cowling inte-
gral . In a first order DWBA one has a=ay
+ € @ponsph » Where ¢ is a rough measure for the ratio
of the nonspherical and the spherical part of the
potential and where aponpn is linear in the non-
spherical part of the interaction 1. It can be shown,
that S(01), S(31) and S(3}) are of order & for
linear molecules 1. Thus the whole effect is of order
&2, a result which is also true for the Senftleben-
Beenakker effect on the viscosity ©.
For a comparison, the expression for the flow

induced tensor polarization (JJ) is given *:

2o L 28y
02

JJ - = b
() V15 p S(33)

(31)
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which is, in first order DWBA, independent of the
nonsphericity parameter '*. Thus, for the hydrogen
molecules the flow induced vector polarization is
certainly much smaller than the tensor polarization.
But for molecules with large nonsphericity a com-
parison on the basis of ¢ cannot be made.

3. Discussion: Estimate of the Order
of Magnitude

Consider a polyatomic gas flowing in z-direction
through a rectangular channel with the dimensions
L.,L,,L.(L,,L,> L,). Then, approximately one
has Vv = (Qv/3z) e, e.. The magnetic field is in
z-direction and we are looking for the vector polari-
zation in y-direction. For convenience a scale factor
a=S(3)/S(6f) is introduced. Furthermore,
(I?)y is evaluated in the high temperature limit
yielding (J?)y =~ T/T,, where T\o =Hh?/2 kp ©. For
the transverse vector polarization (J,) we then ob-
tain:

(Jy) =

«(3a—1) d i( T
10 2z p Aot

P

(L+¢8) (1+a®gdy)

)1.2 3 (gi

The effect is maximal for (1) pay =~ 12

Next, we give an estimate of the order of mag-
nitude of the maximal effect for nitrogen at T =
300K, p=1Torr. We take a=S(3})/S({1) ~ 2
[which is the order of the known ratio @(}%)/
E(53)]. Then (@21) max corresponds to a magnetic
field of about 1kG. The velocity gradient near the
boundary is Ov/Cz~L,dp/L,n where Op is the
pressure difference along the a-direction. With

L/L,~107Y T,;=29K, dp/p~0.5 and

S € 3/S 32~ 1073
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